In this paper, we investigate a certain property of curvature which differs in a remarkable way between Lorentz geometry and Euclidean geometry. In a certain sense, it turns out that rotating topological objects may have less curvature (as measured by integrating the square of the scalar curvature) than non-rotating ones. This is a consequence of the indefinite metric used in relativity theory. The results in this paper are mainly based of computer computations, and so far there is no satisfactory underlying mathematical theory. Some open problems are presented.
Introduction
The purpose of this paper is to draw attention to a certain property of curvature which differs in a remarkable way between Lorentz geometry and Euclidean geometry. However, the author's ambition is rather to pose interesting questions than to give ready answers. Coarsely speaking, the main idea is that in Lorentz geometry, rotating objects may be less curved (as measured by the integral of the square of the scalar curvature) than non-rotating ones. The original motivation for this mathematical problem comes from physics, but the author does not make any claims about implications in the other direction, except that any kind of deeper understanding of Lorentz geometry may eventually turn out to be useful for uniting general relativity and quantum mechanics. In any case, the problems that arise also have an independent mathematical interest.
It has been known for more than 85 years that, through the work of P. A. M. Dirac [1] , the spin of elementary particles is something which necessarily appears when we extend non-relativistic quantum mechanics to relativistic situations. The theory of spin is now a well understood part of quantum physics within the framework of special relativity. But, as for all of quantum mechanics, we do not really know what this will correspond to within the framework of general relativity. It may therefore have some interests to note that even within a completely classical theory, some kinds of spin property may exist in the following sense.
In [2] [3], the author has investigated a theory in which the square of the scalar curvature, coarsely speaking, plays the role of mass-energy in the system under study. If it is really a property of Lorentz geometry that rotating objects may have lower energy than non-rotating ones, this would imply a picture where rotating objects are the natural ground states, in very much the same way as physicists usually explain stability of various configurations by saying that they minimize the energy. Clearly, one should not over-exaggerate the similarity with quantum mechanics. And we do not even know if the concepts of differential geometry, e.g. curvature, will have any exact meaning in a future synthesis between general relativity and quantum physics. Still, in view of the fact that such a synthesis has turned out to be so elusive, it is the opinion of the author that all similarities between the two theories that we can find have a potential interest. In the following we will only present a simple example of this phenomenon, but even in this situation the computations are by far too complicated to be carried out by hand. In fact, the results in this paper depend heavily on the use of computers and so far there is no complete, satisfactory mathematical theory behind them. On the other hand, for the understanding of the general case, computers will certainly not be enough.
Considering some topologically non-trivial manifolds attached to an otherwise flat three-dimensional space to form a new manifold M, the reader may think of some kinds of wormhole (see Section 2) . In this paper, we will refer to such manifolds as topological objects. We now want to study what happens if we let a topological object rotate around some axis. However, since we are mainly interested in Lorentz geometry, it is not at all clear from the beginning what the word rotation should refer to, so in Section 3 we will introduce the idea of a quasi-rotation, and in Section 4 we discuss how to measure curvature. In Section 5 we then apply the ideas of the previous two sections to the wormhole of Section 2.
In the case of usual Euclidean geometry, it seems very reasonable (although mathematically non-obvious) to expect that the total amount of scalar curvature should be minimized when the object is not rotating, and that it should grow with increasing speed of rotation. In fact, the very process of rotating should tend to bend the geometry inside the object, which ought to generate curvature. This is also what will come out in the example which we will consider here. What is curious, however, is that this does no longer seem to hold if we replace Euclidian geometry with Lorentz geometry (see Sections 6 and 7).
This leads us to formulate some open questions in Section 8. For example, is it a common fact of Lorentz geometry that rotating topological objects may have smaller total curvature in this sense than the corresponding non-rotating ones? In particular, one may wonder if topological objects which minimize the integral of the square of the scalar curvature are always rotating in some sense. To make this question somewhat more precise, we will in this paper consider minimizing under the extra condition that the total space-time volume is fixed.
Let us also mention that, in the example to be discussed, the fact that the total curvature may decrease when we start to rotate does not appear to be a local geometric property: at some points of the manifold the scalar curvature may increase and at other points it may decrease, as will be seen in (6.3) below. Thus, this is a global property of the scalar curvature, rather than a local one.
An Example of a Wormhole
We start by making the idea of a "wormhole" in Euclidian three-space more precise. We first remove the two open balls B + and B − of radius one with centers at the points ( )
where A is some number larger than 1 (for the most of this paper we will in fact assume that A is large). To the remaining set 3 of these identification, often drop the − and + signs and without ambiguity simply write ( ) , , r θ φ for all three sets of coordinates, since they do in fact define coordinates in a neighborhood of C, although they, of course, in no way define a global coordinate system on M. In fact, all computations below will be carried out when 1 1 r − ≤ ≤ , and other values of r only play a role when it comes to determining the boundary conditions for the cylinder. As a matter of terminology, one can refer to the region where 1 1 r − ≤ ≤ as the cylindrical region of the manifold M and to the rest as the flat region. In addition, the two boundaries between these regions, where 1 r = and 1 r = − respectively, will be referred to as the upper and lower boundaries of the cylinder. Having thus defined the manifold structure and corresponding coordinates, we now proceed to define a metric on M. In fact, outside the cylindrical region, we will simply use the usual Euclidian metric
On the other hand, inside the cylindrical part C, we want to define the metric in a way which makes it reasonably regular at the boundaries of the cylinder. The reader may check that the following simple choice makes the metric 1 C across the cuts at 1 r = − and 1 r = , thus avoiding singular contributions to the curvature:
Finally, we note that the 3-dimensional volume element for 1 1 r − < < takes the form
Quasi-Rotations
In this section, we study what happens when we rotate a topological object, defined by a manifold M as in Section 2. A very natural idea would be to say that the best method should be to find exact solutions to the field equations as has been done e.g. for rotating black holes in the form of the Kerr metric (see [4] [5]). However, in the present situation this does not seem to be a possible approach for several reasons, at least not for the time being. First of all, it is not likely that there is such a solution for an arbitrary topological object. Secondly, in view of the fact that there is in general no spherical symmetry near the object, such a solution may, even if it exists, be very difficult to describe analytically. Thirdly, even if we find such a solution, it is not likely to be unique in view of the fact that rotation is not a very well-defined concept in general relativity. For these reasons, we will make use of a much more simpleminded approach. We will in this paper only investigate very slow rotations, and in this situation we can therefore start from the usual idea of a rotation in Euclidian space and then modify it slightly for our needs. This is clearly not the ideal way to proceed. Nevertheless, it will turn out that it is still good enough for illustrating the main point of this paper.
We first introduce some notation. Let B be an open sphere, centered at the origin in 3  , and let M be the (non-trivial) manifold which we use to replace B to create a topological object, i.e.
( )
For example, in the case of the simple wormhole of Section 2, B is a sphere which contains B − and B + , and we get
We can now trivially extend M to four dimensions by adding a time-coordinate t to get N M = ×  . Clearly, N can be thought of as representing a topological object at rest.
To see how to define a rotation, we start with the trivial case where M is simply equal to u ∈  and , t R ω η is the usual 3-dimensional rotation operator which rotates each vector around the η -axis through the angle t ω . This map, together with its image, can be said to represent the four-dimensional picture of a rotation of three-dimensional space, although in this case of course the image is just 3 ×   . To rotate a more general topological object, we need to construct a new map and a new image manifold which outside of B ×  looks exactly the same as in the above trivial example. A somewhat formal mathematical way to proceed is the following:
To define the four-manifold describing a rotation with angular velocity ω around the axis η , we can set
where the union over  is a disjoint union of different copies of M , and where we identify a point 2) For each t,
These two conditions essentially characterize the rotation, and they can in fact also be used to define the differentiable structure on , N ω η . However, in the following it will also be interesting to study the rotation as a function of ω . In particular, we do not want a change in ω to change the total volume. Hence, we add a third condition:
3) The map (3), and if the dependence on ω is smooth (real analytic), we will in the following refer to the family of all these manifolds and maps as a quasi-rotation.
Clearly, such a quasi-rotation does not in itself involve Lorentz geometry in any essential way, and in fact, the idea makes equally good sense for a positive definite metric as for a pseudo-metric. Also, it is not assumed to represent any kind of physical geometry that in itself would have physical significance. A more realistic geometry for a rotating object will probably involve the time-coordinate t in a much more complicated way. In addition, there is nothing unique about the way in which we define a quasi-rotation, even if the axis of rotation and the angular speed ω are given. The importance of this construction only lies in the fact, that it can be used as a tool to investigate if non-rotating objects are minimizing or not.
Since the spacial coordinates and the axis of rotation is at our choice, we will for definiteness always use a fixed axis. Hence, we will drop η from the notation from now on.
Curvature and Periodicity
In this section, we discuss how to measure curvature. In the simplest case of an object N at rest, with a metric of the simple form
, where
g is a time-independent positive definite metric on M , which is equal to the standard flat metric outside B, we can measure the curvature of the object by the integral In the next simplest case of a quasi-rotation as in Section 3, we can, using condition II in the definition of a quasi-rotation, still measure the total curvature by integrating 2 R for a fixed t, since the value of this integral will in fact be independent of t.
In more complicated situations, (4.1) may no longer make any sense, since there may be no natural unique way of defining surfaces of constant time if there is no natural choice for the time-coordinate.
Nevertheless, it is possible to measure curvature for more general objects. If we consider the situation where space-time outside the object is flat and the object itself is, except for internal movements, at rest, then clearly we can unambiguously speak of time in the exterior in the sense of the time in the rest-frame of the object.
Suppose that we can extend the surfaces t N of constant time from the exterior into the object itself in some way. Then we can put It is worth noting that the extended surfaces t N do not in general have to have anything to do with the metric structure. In particular, they should not necessarily be interpreted as surfaces of equal time in inside the object. However, for the limit in (4.2) to exist and in addition be independent of the particular choice of t N , we still need to impose some extra condition, like e.g. periodicity in the sense that for some τ , the natural time-
, can be extended to an isometry Φ which maps t N onto t N τ + for all t. Since we will not make use of this generalization in this paper, we will not pursue this question further here.
A Four-Dimensional Metric for the Rotating Wormhole
The purpose of this section is to sketch how to construct a quasi-rotation of the wormhole in Section 2. This essentially boils down to defining a metric on N ω for all small ω and, in view of the discussion in the previous sections, it is really enough to do the construction for 0 t = . Still, the construction is very technical and for the purpose of this paper we have chosen to simplify it in two ways:
Firstly, we will only work with very slow rotations and, as a consequence we will, just as in Section 3, partly treat the motion in a non-relativistic way, even in the case of an indefinite metric. This may appear odd at first sight, but since the theory of general relativity gives no unique way of constructing the geometry of a rotating object, the Lorentz transform may be no more natural than the Galileo transform in this case. As a matter of fact, to illustrate the point that we want to make, either one of them would do, which is why we have chosen the least technical one.
Secondly, we will only consider the case 1 A  . Technically, this means that we will neglect small terms near the boundaries of the cylinder. This second simplification would not be so difficult to deal with, but the main difficulty would still remain, namely to deal with the fact that our real goal is to do the construction for metrics which are minimizing, see further Section 8. Since the main interest in this paper is Lorentz geometry, we will concentrate on this case and leave the Euclidian case to the reader.
As in Section 3, we extend the manifold M of Section 2 to four dimensions by adding a time-variable t, to obtain a 4-manifold N M = ×  with coordinates ( ) , , , t r θ φ near the cylinder. Also, the Minkowski metric 
, where C is the cylindrical part, thus giving rise to a model for a wormhole at rest.
To construct the quasi-rotation of M, we assume the rotation to take place around the y-axis with uniform speed in the counter-clockwise direction. We therefore assume that the two boundaries located at B − ∂ and B + ∂ , are moving downwards and upwards (with respect to the positive z-axis in the xz-plane) respectively, with speed v. In the following we will use v as a measure for the speed of rotation, although it is actually related to the angular velocity ω by the formula
. This is a useful convention since it prevents A from showing up in the final results below. To avoid technical details as far as possible, we assume that 1 A  so that we can assume that the upper boundary at B + is simply moving upwards parallel to the z-axis, and that the coordinates 
We note that the movement of the wormhole destroys the connection between the metric (2.3) of the cylindrical region and the Minkowski metric of the flat region. Hence, we must next investigate how the metric should be modified for 1 1 r < − < in order to fit onto the outside at the boundaries 1 r = − and 1 r = . We first concentrate on the latter case.
To this end, we note that from (the right hand part of) (5. To fulfill the third condition, we will have to modify the metric slightly. The volume element of the metric in the interior is given by 
Computation of the Curvature Integral
In this Section we will now attempt to compute the curvature integral I in Thus, the fact that 0 v = is a local maximum rather than a minimum can not be explained locally.
Question 2. In the case of Lorentz geometry, is it true that a non-rotating manifold with curvature integral 0 I > is never minimizing?
If this is true, a reasonable way of proving it would be to construct some kinds of quasi-rotations of all such manifolds. Similarly one may ask, in the case of Euclidean geometry, if it is true that minimizing manifolds are always non-rotating.
The point is that the question itself is now independent of the somewhat technical definition of a quasi-rotation in Section 3. In fact, the word non-rotating manifold can be replaced by invariance under time-translation, and also we can allow for more general metrics and replace the condition of flatness outside B by a weaker asymptotic condition.
It is however a problem with the objects in this paper that it is not at all clear under what circumstances I have a minimum, even if we restrict ourselves to the case where the space-time volume is fixed in some appropriate sense. Hence, there are many existence and regularity questions which have to be considered if we want to investigate rotating objects more deeply.
